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The paper describes a joint refinement model of the spin-resolved one-electron
reduced density matrix using simultaneously magnetic structure factors and
magnetic directional Compton profiles. The model is guided by two strategies:
(i) variation of basis functions and (ii) variation of the spin population matrix.
The implementation for a finite system is based on an expansion of the natural
orbitals on basis sets. To show the potential benefits brought by the joint
refinement model, the paper also presents the refinement results using magnetic
structure factors only. The joint refinement model provides very satisfactory
results reproducing the pseudo-data. In particular, magnetic Compton profiles
have a strong effect not only on the off-diagonal elements of the spin-resolved
one-electron reduced density matrix but also on its diagonal elements.

1. Introduction

The reduced density matrix is an alternative way of describing
a system of N interacting particles compared with the
N-electron wavefunction (Gilbert, 1975; Lathiotakis &
Marques, 2008). The one-electron reduced density matrix
(1-RDM) (Lowdin, 1955; Coleman, 1963; McWeeny, 1960;
Davidson, 1976) is widely accepted as playing a central role in
the description of electronic properties (Gillet & Becker,
2004). In addition, considerable work is in progress on the
properties of the density matrix of N-particle systems
(Lathiotakis & Marques, 2008; Luken, 1982; Hansen &
Coppens, 1978; Jayatilaka & Grimwood, 2001; Barnett &
Shull, 1967; Krusius et al., 1979; Gillet et al., 1999, 2001; Gillet,
2007; Kibalin et al., 2017; Yan et al., 2017). The refinement of
the 1-RDM relative to the pseudo-experimental data has
yielded many useful and very interesting results, providing
excellent information about chemical bonding, electrostatic
potential and orbital occupations (Gillet & Becker, 2004;
Deutsch et al., 2012, 2014).

To reconstruct the entire 1-RDM, several experiments need
to be combined, because each one can only give partial
information. To the best of our knowledge, no single experi-
mental setup exists to directly determine the total density
matrices (Gillet & Becker, 2004). X-ray and polarized neutron
scattering make it possible to describe charge and spin
densities in the position space, respectively, which represent
the diagonal elements of the 1-RDM (Brown et al., 1980;
Coppens, 1997; Weyrich, 1996). The magnetic and non-
magnetic Compton scattering describe the electron densities
in the momentum space, which are mostly related to the off-
diagonal elements of the 1-RDM (Cooper et al., 2004;
Weyrich, 1996). The off-diagonal elements of the 1-RDM
bring information which complements the position space
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electron density given by the diagonal elements. They directly
provide the ground-state expectation value of the total elec-
tron kinetic energy per unit cell. The off-diagonal elements are
connected to the electron cloud polarization and to the rela-
tive phases of the atomic orbitals participating in the most
delocalized molecular wavefunctions. Up to now, several
models have been proposed to refine only the diagonal
elements of the 1-RDM using the structure-factor and/or
magnetic structure-factor data (Deutsch et al, 2012, 2014;
Hansen & Coppens, 1978; Schweizer, 2006; Gillet et al., 2001;
Pillet et al., 2001; Gillet, 2007). A limited number of works
have made use of Compton scattering data, one to refine the
wavefunction (Gillet et al., 2001) and others to reconstruct the
momentum densities (Gillet & Becker, 2004; Gillet et al.,
1999). In 2007, one of us (Gillet, 2007) proposed a strategy for
refining a 1-RDM model from X-ray diffraction and deep
inelastic scattering data. The model was adapted from the
Hansen—Coppens pseudo-atomic description (Hansen &
Coppens, 1978) of electron density. A significant drawback of
this approach was that no prior constraint was applied to the
model to ensure that the 1-RDM is N-representable or even
idempotent.

In this paper, we will limit ourselves to the use of only two
experimental techniques: polarized neutron scattering and
magnetic Compton scattering. These two techniques provide
information to reconstruct the entire spin-resolved 1-RDM
(1-SRDM). To our knowledge, a refinement of the 1-SRDM
simultaneously using the data of magnetic structure factors
(MSFs) and magnetic Compton profiles (MCPs) has not yet
been studied. The aim of the present work is therefore to: (i)
evaluate the quality of a combination of MCP and MSF data
to reconstruct all the elements of the 1-SRDM, and (ii) illus-
trate the changes made by MCPs not only to the off-diagonal
elements of the 1-SRDM but also to its diagonal elements. The
main stages of this model are: first, modelling a cluster using
molecular ab initio packages, and from the resulting ab initio
data, the MSFs and the MCPs are computed. Secondly, the
basis functions are rescaled by modifying the exponent coef-
ficients for each atomic orbital. Finally, the spin population
matrix is adjusted by varying the molecular orbitals’ occupa-
tion numbers. Optimization of the exponent coefficients and

Figure 1 . .
Periodic array of urea with an intermolecular distance of 5 A (a) and 3 A
(b). Their lattice parameters are, respectively, a = 5, b = ¢ = 10 A,
a=B=y=90anda=3,b=c=10A,a ==y =90°

the occupation number parameters is carried out by mini-
mizing the x? function [equations (26) and (27)] with respect
to the pseudo-experimental data using the MINUIT code
(developed at CERN) (James, 1994). As a first test of our
model, a simple molecular system, magnetic, with a small unit
cell for rapid convergence, and with the possibility to present
an invariance of symmetry, needs to be considered. A possible
candidate is the urea molecule [CO(NH,),] (Shukla et al.,
2001; Dovesi et al., 1990; Lin et al., 2003), which is planar (see
Fig. 1), strongly anisotropic and presents two mirror symme-
tries. The urea molecule is magnetic only by construction; the
total spin is fixed to 1. The molecular crystal of urea is an
artificial system used to evaluate the performance of the
process. Urea was chosen because it has been thoroughly
investigated both theoretically and by different experimental
techniques, including X-ray diffraction and Compton scat-
tering. In addition, the urea molecule contains different types
of bonding, simple and double covalent bonds and, in its
crystalline phase, hydrogen bonds. It is this diversity of bonds,
together with the compactness of the molecule, that has
guided our choice. However, the urea molecule is non-
magnetic and, for our purpose, it had to be modified to a total
spin of 1. Additionally, since the influence of the crystalline
environment effect needs to be unambiguously estimated, the
unit cell was changed to bear a single molecule. The aim of the
present work is to assess the versatility of the model and
validate the refinement strategy, not to study the properties of
a true urea crystal. The first results of our algorithm are
presented focusing on the calculation of 1-SRDM, spin density
and MCPs. It is shown that the joint refinement model gives
very satisfactory results, close to those obtained from a peri-
odic calculation of urea.

This paper is organized as follows: in §2, we report the key
equations for a density matrix and its relationship with various
physical quantities. In §3, we describe the generation of
pseudo-experimental data from periodic calculations of
different molecular crystals. Then, in §4, we explain the
different stages of the joint refinement model. Finally, in §5, we
present and discuss the first results of our model and compare
them with the periodic references. Conclusions are given in §6.

2. General framework

We have learned from quantum mechanics that a many-body
system is completely characterized by its wavefunction. The
N-electron wavefunction depends on 3N variables. But, by
increasing the system size, the N-electron wavefunction
rapidly becomes too complicated to provide a simple physical
picture of the system. Mostly (in particular for this work), the
complete wavefunction is of no interest and the expectation
values of physical observables are more significant. However,
a N-particle system can be described by means of the
N-electron-density matrix, which has a simpler and more
direct physical meaning than the wavefunction itself. The
N-electron-density matrix is defined in terms of the N-electron
wavefunction W(x, ..., Xy):
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M(x,, .. S Xy) = WX, L X)X -, X)),

)
where x; = (r;, 5;) represents the spin and position coordinates.

In order to compute the expectation value of the one-electron
operator, we introduce the 1-RDM:

R
XN X,

I'Y(x;;x)) = N [dx, ... dxy WH(x], X, . .
2

In the position space, the diagonal elements of the 1-SRDM
correspond to the spin density:

p(ry) = f[5(51 - ST) —8(sy — s¢)]l—‘(1)(x1; x/l)xlzx; ds;.  (3)
The Fourier transform of the spin density gives the MSFs:

Fy(Q) = f[8(5| - ST) —8(sy — sl)]
X 1—‘(1)()‘1; x/l)xlzx’l eXp(lQ : l') dl‘, (4)

where Q is the scattering vector.

On the other hand, it is well known that Compton scattering
gives access to the electron density in the momentum space. In
turn, the spin-resolved electron density in momentum space
represents the off-diagonal elements of the 1-SRDM. The
MCPs and the 1-SRDM are related, following this expression:

) =5 o [ 1565 =5 = 865, =5

x TW(x,; X)) - exp(iqu - r')drdr, 5)

X =X

where u is a unit vector collinear to the scattering vector. An
MCP for momentum ¢ gives the spin density n(p) in the
momentum space projected onto the direction u:

J(u,q) = [n(p)S(q —p - w)dp. (6)

Therefore, to reconstruct the entire 1-SRDM, we need: (i) the
MSFs, which describe the position space, and (ii) the MCPs,
which describe the momentum space. It is clear that the two
experimental techniques are highly complementary and give a
complete physical picture of the spin density matrix.

3. Generation of pseudo-experimental data

In order to test the performance of our model, we refined the
1-SRDM relative to theoretical data obtained from periodic
calculations. Once this procedure is validated, the model can
safely be applied to genuine experimental data (and will be
reported in a following paper). Because the calculation of the
MSFs and the MCPs is a standard feature of its output, our
periodic calculations are performed by the CRYSTALI4
packages (Pisani, 1996; Dovesi, Orlando et al., 2014; Dovesi,
Saunders et al., 2014) using the Hartree—Fock approximation.
Denoted by pob-TZVP (Peintinger et al., 2013), consistent
basis sets of triple-zeta valence (TZV) with polarization
quality for main group elements and transition metals from
row one to three have been used for periodic calculations. Two
sets of calculations are considered for the periodic array of
urea: the first set neglects the interaction between the mol-
ecules, separated by 5A along the X-axis direction (see

XWX, Xy, -, Xy)-

Fig. 1a). In the second, the interaction between molecules is
included by reducing to 3 A the intermolecular distance along
the X-axis direction (see Fig. 1b). Note that the intermolecular
interactions in the artificial crystal of urea are quite different
from those in the true one. In the actual urea crystal, mol-
ecules interact in a perpendicular conformation, while in the
artificial one they interact in a parallel conformation. The urea
molecule is composed of eight atoms; the central carbon atom
makes a strong covalent bond with the oxygen atom. It has two
symmetrical groups of NH, around the central axis O—C. As
a reminder, in this work, the urea molecule is magnetic only by
construction; the total spin on the molecule is considered in its
triplet state.

In the present work, the refinement was performed with
respect to 12 directions of MCPs and 500 MSFs generated
from these periodic calculations. To be consistent with usual
experimental data, a statistical noise generated from a normal
Gaussian distribution is added to the computed periodic data.
The amplitude of this noise is determined from that consid-
ered in usual experimental measurements. For the MSF data,
the error bar of each point corresponds to 10% of its corre-
sponding MSF amplitude. For the MCP data, the error bar of
each point corresponds to the square root of its corresponding
MCP amplitude.

4. A joint refinement model

The different stages of the joint refinement model are
explained in this section and, in particular, an illustration of
the self-consistent procedure of the code will be reported. Our
model combines both the MSFs and the MCPs to refine the
1-SRDM. The joint refinement model is based on four main
stages: (i) modelling a cluster using molecular ab initio
packages, (ii) computation of the MSFs and the MCPs, (iii)
variation of the basis functions, and (iv) variation of occupa-
tion numbers.

4.1. Ab initio calculation: modelling a molecule/cluster

The molecular calculation conducted in this work is
performed using the GAUSSIANO9 packages (Frisch et al.,
2009) by means of the Hartree—Fock approximation. The main
objective of this model is to reconstruct the spin density
matrices of a periodic array using the corresponding experi-
mental data from a simple molecular or cluster model and with
a limited basis set. Therefore, 3-21+G* was used, i.e. 3-21G
basis set (Gordon et al., 1982; Binkley et al., 1980; Pietro et al.,
1982; Dobbs & Hehre, 1986, 19874,b) with polarization func-
tions (Frisch et al., 1984) (d) on second row atoms only,
supplemented by diffuse functions (Clark et al., 1983). Very
different basis sets are considered for both molecular and
periodic calculations in order to emphasize how the initial
molecular basis set (as minimal as possible) can be improved
and can adapt to a particular crystalline configuration using
the pseudo-experimental information (derived from the large
basis set computation). Obviously, once the model and the
refinement strategy are validated, we intend to apply this
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method to genuine experimental data and it will be legitimate
(and desirable) to use much better and flexible basis sets for
the model. In the following, we present the output of the
GAUSSIAN code (Frisch et al., 2009) that serves as an input
for our algorithm. In this context, the molecular orbitals are
constructed by a linear combination of the basis functions,

,(r) = ; Ci,ij(l')s (7

where C;; are the molecular orbital coefficients, x;(r) are
functions in the minimal basis sets. In the GAUSSIAN
framework, the basis functions are defined as a linear
combination of Gaussian functions:

x(r) = ];1 d; N(@)(x = A, )" (y = A,) " (z = A,)*

X exp[—oy(r — Rk)z]a ®)

where a,, b, and ¢, control the angular momentum number L,
where L = a; + b, + ¢, d;  are the contraction coefficients of
the jth orbital and their corresponding kth Gaussian function.
Once the expansion of the molecular orbitals is obtained, the
1-SRDM can be expressed as a functional of natural molecular
orbitals &,(r) and their respective occupation numbers n,,
which represent the eigenfunctions and eigenvalues, respec-
tively:

rOr,r') = 3@, @(r). (©)
Using equations (7) and (9), the 1-SRDM can be expressed as

MO, r) =TV r) - TP r) = X P @x(r),  (10)
J.k

where the spin population matrix is defined as a function of
the occupation numbers and the molecular coefficients for
each spin state:

P = Enfcf,jcfk - Z;H?Cf,,-ka- (11)
The 1-SRDM is thus expressed in terms of the spin population
matrix P;, and the product of two basis functions. The
variation of these quantities will be discussed in the next

sections.

4.2. Computation of the magnetic structure factors and the
magnetic Compton profiles

Once the 1-SRDM of the system is known, all one-electron
observables of the system can be expressed as a function of the
spin population matrix and the product of two basis functions.
We start by considering the MSFs F,,(Q), which are defined as
Fourier transforms of the diagonal elements of the 1-SRDM.
Using equations (4) and (10), the expansion of the MSFs is
written as

Fy(Q) = zk: P | x(0)x:(r) exp(iQ - r) dr. (12)

The MSFs are defined as a sum of the product of the spin
population matrix and the Fourier transform of the product of
two basis functions.

By inserting equation (10) into equations (5) and (6), the
MCPs can be expressed as follows:

109 =53 p [ [ [suwentin-nar

x exp(ip - ut) dp exp(—igt) dt, (13)
where
i) = [ %) x (' + 1) dr’. (14)

The MSFs as well as the MCPs are functionals of the 1-SRDM
and therefore are functionals of the spin population matrix
and the product of two basis functions.

4.3. Variation of the basis functions

In order to obtain an accurate 1-SRDM, we first modified
the radial extension of each atomic orbital. This makes it
possible to take into account the diffuse effect. To do this, the
basis functions are rescaled by varying the exponent coeffi-
cients of each atomic orbital j ({a}={c} x ¢;) as

xi(g 1) = k; d; NG ) = A, )" (7 — A, (2 = A, )"

S exP[‘fk“o,k(l' - Rk)2]~ (15)

In such a minimization, the variation of atomic orbitals is
performed under the following conditions:

0855512,
[ dr®;(r)@,(r) =5,

The first condition controls the extension of the atomic orbi-
tals. The second condition provides a molecular orbital
orthonormal set, generated by the ab initio packages after
each variation of the ¢ coefficients. The variation of the basis
functions can clearly be observed in the expansions of the
MSFs,

Fy(Q) = Xk: Py f X,‘(gj’ 1) X (8, 1) exp(iQ - 1) dr, 17)
Js

(16)

and the MCPs,

T, q) = %ZF // [ [ st nexn-ip-n dr}

x exp(ip - wt) dp exp(—iqt) dt, (18)
where

Si((ehv) = [ %G x5, ¥+ 1) . (19)

4.4. Variation of the spin population matrix

After finding the best basis functions, a variation of the spin
population matrix is performed by varying the occupation
numbers for a selection of states and for each spin config-
uration:

ny =ni, + énf, (20)

where nf, is the initial occupation number of the ith state and
o =[1, |] represents their spin state. Changes in the occu-
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pation number concern only a few states in the vicinity of the
Fermi level. The variations of the occupation numbers are
performed under the N-representability conditions for the
1-SRDM:

0=n <1,
Zi:l (}’lj + nti) = Nelectron’ (21)
Y (n] = 1) = Ny

The first reflects the Pauli principle, while the second and the
third conditions represent electron number conservation and
spin number conservation, respectively. The second condition
is enforced by minimizing the following quantity:

C*((nh)] = Xlog[x;(in))] — w1y (Zl nf — Nilccm)

) <Z n;L - Nilectron) ’ (22)
i=1

where j stands for a given experiment (polarized neutron
scattering, magnetic Compton scattering) and pu,, u, are
Lagrange multipliers. The first term of equation (22) quantifies
the difference between the pseudo-experimental data and the
resulting data from the model (explained in the next part).
However, the second and the third parts of equation (22)
ensure the electron number conservation for each spin state.
A dramatic consequence of the last two parts of equation (22)
is that they satisfy the third condition of constraints (21): it
imposes the spin number conservation. Changes in the occu-
pation numbers lead to a variation of the spin population
matrix as follows:

P, = Pj{k + 8P, . (23)

with
P;Q,k =2 niT,OCiT,jCiT,k =i nioci%jcikv
8P, =Y 8n]CLCl =3 8n CFCy

i,j ik

(24)

The first term represents the initial spin population matrix
obtained from the ab initio calculation for the finite system,
using the GAUSSIAN code (Frisch et al., 2009), expressed in

‘ Molecular calculation

IL ‘ Molecular calculation }(—

=
=]
g ‘ Computation of F/(Q) and J(u, q) ‘ O
£
: |
5
=
g s e . 2 NO
g Minimization of objective function: C (x* ({(})) a = o
a
YES|
é ‘ Computation of Fj;(Q) and J(u, q) ‘
£
5
=]
: |
)
= L I i 2 NO o _ o o
% Minimization of objective function: C' (X ({n})) ng =mnf, +on
[«
YES
Figure 2

Illustration of the SCF procedure of our code.

terms of the initial occupation numbers and the molecular
coefficients for each spin state. The second term represents the
variation of the spin population matrix defined as a function of
the variation of the occupation numbers and the molecular
coefficients for both spin states.

4.5. lllustration of the SCF (self-consistent field) procedure of
the joint refinement code

The model depends on a set of parameters {x}. In other
words, we wish to find the set {x} that minimizes the quantity
C(x*») = Y_y log(x3). The quantity x* is defined as follows:

Rty = 3 ) = Vi 3)

i 9

where i runs over all the measured/calculated MSFs
(Y™/Y® = F™/F°) or MCPs (Y™/Y®=J"/J°) with o; the
estimated standard deviation associated with Y". The mini-
mization of function C with respect to the parameters {x} was
performed by the MINUIT code (James, 1994). In our algo-
rithm, this minimization is performed twice separately, first for
the basis function rescaling optimization via {¢} (§4.3) and
then for the variation of the spin population matrix via {n}
(§4.4).

For the variation of basis functions (Dzéta refinement), the
minimizing function C is defined as follows:

C[X({gh)] = log[ xi({2)] + log[ x:({¢))]. (26)

where F and J are, respectively, the MSFs and the MCPs.
However, the expression of the C function to vary the spin
population matrix (Pop refinement) is given by

C[X*({n)] = log[xi({n})] + log[ xi({n})]. (27)

At this point, it is useful to briefly recapitulate the different
steps of our joint refinement model (see Fig. 2). It consists of
the following steps:

(i) Perform an ab initio calculation using local atomic
orbitals as a basis set. An atomic orbital is defined as a linear
combination of Gaussian functions. Here, we use the GAUS-
SIANO09 packages (Frisch et al., 2009); other codes like the
GAMESS code (Schmidt et al., 1993) could also be used.

(ii) Compute the MSFs and the MCPs.

(iii) Rescale the basis functions by varying the exponent
coefficients. In other words, we minimize the C function
[equation (26)] with respect to the parameters {¢} (exponent
coefficients). The variation of the exponent coefficients is
followed by a molecular calculation. Then the new MSFs and
the MCPs are computed and this procedure is continued until
convergence.

(iv) Find the most probable values for the parameters {n}
that minimize the C function [equation (27)]. After each
variation of the occupation numbers, we calculate the new
MSFs and the MCPs and we continue the procedure in a self-
consistent way until convergence.

Results obtained with the above algorithm are now
discussed in §5.
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5. Results and discussion

In this work, to check the robustness of the joint refinement
model, we have studied two possibilities of a urea molecular
crystal. We first consider a periodic array of isolated mol-
ecules, where the corresponding lattice parameters are set to:
a=5b=c=10 A. Then, to evaluate how such a simple model
can account for the changes in the properties induced by
intermolecular interactions, the a value is changed to 3 A.
Remember that the parallel intermolecular interactions in this
case are quite different from the true ones. For both config-
urations, the total spin on each molecule is fixed to 1. In the

Molecular model: minimal basis sets Periodic array: large basis sets

>
3
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Dzeta refinement: MSFs Dzeta + Pop refinement: MSFs
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0 2 4 6 0 2 4 6
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© @
Dzeta refinement: MSFs + MCPs Dzeta + Pop refinement: MSFs + MCPs
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>
3
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1
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4 Z
(e) (0]
Figure 3

Spin density maps in the plane of the urea molecule (YZ). Upper panel:
computed spin-resolved electron densities for molecular (a) and periodic
calculations (b). Second panel: maps of the Dzéta (c¢) and Dzéta + Pop (d)
refined spin density with respect to the MSFs only. Lower panel: the same
as the second panel but obtained by means of the joint refinement
strategy (MSFs + MCPs). Contours at intervals of £0.01 x 2", A= (n =
0-12): positive and negative contours are, respectively, blue solid lines
and red dashed lines, and neutral contours are green dashed lines.

present study we have also chosen to show the results
obtained from a refinement on MSFs only, to illustrate in
contrast the potential benefits brought by a joint refinement.
In addition, we present intermediate results obtained from
Dzéta refinements. This will highlight the effect provided by
each set of parameters. The final results being presented are
obtained from a refinement of the spin population matrix
following the Dzéta refinement, called Dzéta + Pop refine-
ment.

5.1. Periodic array of isolated urea molecules

In this section, we consider an isolated molecule of urea for
both molecular and periodic calculations. The periodic calcu-
lations are performed at the Hartree-Fock approximation
level using one of the best basis sets available in CRYSTALI4
packages (Pisani, 1996; Dovesi, Olando et al., 2014; Dovesi,
Saunders et al., 2014), the pop-TZVP basis sets (Peintinger et
al., 2013). We aim to reproduce the properties of crystalline
urea, using a molecular calculation within a simple basis set
(3-21+G*) (Gordon et al., 1982; Binkley et al., 1980; Pietro et
al., 1982; Dobbs & Hehre, 1986, 1987a,b; Frisch et al., 1984;
Clark et al., 1983) as a starting point for our model. The
calculated spin densities in the plane of the urea molecule are
displayed in Fig. 3 for comparison with the results of the
refinement model on periodic pseudo-data. By comparing the
molecular and the periodic spin density maps, the differences
are mostly seen on the oxygen atom. For the periodic calcu-
lation, the corresponding spin density exhibits a negative spin
distribution around the oxygen nucleus in the form of two
lobes directed along the O—C direction. However, the
molecular calculation shows in addition a small positive spin
population between the two lobes. The negative lobes are
slightly larger in the molecular calculation than in the periodic
one. Moreover, the negative spin distribution (red contours)
along the C—N bonds is also different. This results from the
polarization functions. These mismatches are due to the
difference in the basis functions used in both calculations.

The molecular and the periodic spin distributions of the
remaining atoms of the molecule compare extremely well.

Our results show that the spin densities obtained from
Dzéta refinement on MSFs are only slightly affected: the
positive spin distribution in the vicinity of the oxygen nucleus
disappears. This is in agreement with the crystal results.
However, the negative contours between the nitrogen and the
carbon atoms are unchanged compared with the molecular
calculation and remain at variance with the periodic results.
By combining the MCPs with the MSFs, the negative distri-
bution along the C—N bonds and the negative distribution
around the oxygen atom obtained from Dzéta refinement are
consistent with the corresponding spin distribution obtained
from the periodic calculation. However, the resulting spin
densities obtained from both Dzéta + Pop refinement relative
to MSFs only and MSFs + MCPs are at variance with the
periodic spin density. This is because the basis sets are
different. Therefore, only the variation of the basis functions is
required in this case.
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Fig. 4 shows the computed 1-SRDM maps from molecular
(a) and periodic (b) calculations (upper panel) for comparison
with the results of the refinement model on periodic pseudo-
data: the middle panel shows the resulting 1-SRDM from
refinement on MSFs only, while the lower panel shows the
resulting 1-SRDM from a joint refinement. The 1-SRDM
maps 'V (r, ') are plotted as a function of r and ', where both
follow the O—C—N—H path. By comparing the molecular
and the periodic calculations of density matrices (see upper
panel of Fig. 4), the differences appear on the diagonal
parts (as discussed above in relation to the spin densities)

Molecular model: minimal basis sets

Periodic array: large basis sets

Dzeta + Pop refinement: MSFs + MCPs

) 0

Figure 4

1-SRDM I'(r, ¥) of the urea molecule is plotted along the O—C—N—
H path (in the plane of the molecule). The upper panel shows the
molecular (a) and periodic (b) computation of the 1-SRDM. The second
panel shows the 1-SRDM after a Dzéta (¢) and Dzéta + Pop (d)
refinement relative to the MSFs only. The lower panel is the same as the
second panel, but by means of the joint refinement (MSFs + MCPs).
Contours at intervals of £0.01 x 2"z A~ (n = 0-20): positive and
negative contours are, respectively, blue solid lines and red dashed lines,
and neutral contours are green dashed lines.

and on the off-diagonal parts, mainly in the vicinity of
Mr=16,¥ =39), I'r=28,r=239) points. The
resulting 1-SRDM from a joint refinement model confirms
that the MCP information improves the diagonal elements
corrected by the MSFs. The spin distributions on the
diagonal parts compare very well with the periodic calculation.
A weak influence of the MCPs is observed on the off-
diagonal elements of the 1-SRDM, mainly around the
I'D(r = 3.9, = 2.8) point. The comparison of the 1-SRDM
maps obtained from Dzéta and Dzéta + Pop refinements
relative to MSFs and MSFs + MCPs confirms that the
corrections made to the 1-SRDM are due to the variation of
the basis functions.

In this section, although the effect of MCP information in
this system is small, we have shown that the joint refinement
gives more accurate results than the refinement on MSFs only.
We confirmed that the MSFs improve the diagonal elements of
the 1-SRDM. Moreover, we have shown that the MCPs affect
the diagonal and off-diagonal elements of the 1-SRDM. The
MSFs and the MCPs are highly complementary and give very
satisfactory results in agreement with the periodic pseudo-
data. Because the urea molecule is isolated in both calcula-
tions, the MCPs are slightly different, as can be seen in Fig. 5.
In this work, 12 profiles were considered in the three planes
XY, XZ and YZ. MCPs, for [1 0 0], [1 1 0] and [0 1 0] direc-
tions, obtained from molecular calculations, refinements or
periodic computation are reported in Fig. 5. Our results show
that the molecular and the periodic calculations give in
general very similar MCPs except for specific directions such
as [110]. For [1 00] and [0 1 0] directions, the resulting MCPs
from joint refinement are changed slightly compared with
those from the molecular calculation and, of course, in
agreement with the periodic MCPs. For the [1 1 0] direction,
the difference between the molecular and the periodic calcu-
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Figure 5

MCPs computed on the directions [1 0 0], [1 1 0] and [0 1 0] as a function
of the momentum g. For each direction, the resulting MCPs from periodic
calculation (CRYS14, red solid lines) are compared with the resulting
MCPs from molecular calculation (G09, black solid lines), Dzéta
refinement (Dzéta Ref, green solid lines) and Dzéta + Pop refinement
(Dzéta + Pop Ref, blue dashed lines).
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lation is slightly reduced, mainly due to the variation of the
basis functions. The remaining discrepancy can be attributed
to the limitation of degrees of freedom in this case: the
molecular model is very similar to the periodic system; it is
mainly a difference of basis sets.

5.2. Periodic array of interacting urea molecules

To show the potential benefits brought by the MCPs, an
array with interacting urea molecules is now considered (see
Fig. 1b). The interactions between molecules do not exist in

Molecular model: minimal basis sets Periodic array: large basis sets
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Figure 6

Spin density maps in the plane of the urea molecule (YZ). Upper panel:
computed spin-resolved electron densities for molecular (a) and periodic
calculations (b). Second panel: maps of the Dzéta (c¢) and Dzéta + Pop (d)
refined spin density with respect to the MSFs only. Lower panel: the same
as the second panel but obtained by means of the joint refinement
strategy (MSFs + MCPs). Contours at intervals of £0.01 x 2", A= (n =
0-12): positive and negative contours are, respectively, blue solid lines
and red dashed lines, and neutral contours are green dashed lines.

the molecular calculation. Therefore, the computed MCPs
obtained from molecular and periodic calculations are
necessarily different, as shown later by means of the Compton
profile analysis. The difference is also expected to show up on
the spin density obtained from molecular and periodic
computations. Fig. 6 reports the computed spin densities in the
plane of the urea molecule compared with the resulting spin
densities from the refinement model on periodic pseudo-data.

By comparing the molecular and the periodic spin density
maps (see upper panel of Fig. 6), differences are clearly visible
around the oxygen and the carbon atoms. In addition, positive
contours appear close to the hydrogen atoms due to the effect
of the second molecule. For the periodic calculation, the
negative spin distribution on the oxygen atom is spherical. For
the molecular calculation, the corresponding spin density
shows two negative lobes with small positive contours in the
vicinity of the nucleus. The spin density around the oxygen
and carbon atoms is strongly affected upon interaction with
neighbouring molecules. Our results show that the MSFs
slightly affect the spin density in the plane of the molecule; the
positive contours around the oxygen nucleus have disap-
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Figure 7

Spin density maps in the perpendicular plane to the urea molecule along
the X-axis direction. U is a vector collinear to the O=C bond. Upper
panel: computed spin-resolved electron densities for molecular (a) and
periodic calculations (b). Second panel: resulting spin density from Dzéta
(c) and Dzéta + Pop (d) refinement from the MSFs only. Lower panel: the
same as the second panel but from the joint refinement strategy (MSFs +
MCPs). Contours at intervals of £0.01 x 2", A~ (n = 0-12): positive
and negative contours are, respectively, blue solid lines and red dashed
lines, and neutral contours are green dashed lines.
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peared and the negative contours along the C—N bonds are
barely changed. The refined spin densities relative to the
MSFs only are at variance with the periodic results. It is also
clear that the resulting spin densities from joint refinement are
not reproduced with the periodic results, but small corrections
made by the model are observed, such as the broadening of
negative contours located along the C—N bonds. In addition,
the positive contours on the carbon atom are consistent with
those obtained by the periodic calculation. The strong effect of
the nearest molecules on the carbon and the oxygen atoms
prevents our model from reproducing the spin distribution of
these atoms with good accuracy.

To show the efficiency of this model, we studied the
m-electron distribution by computing the spin electron distri-
bution in the plane perpendicular to the molecule along the
X-axis direction through each bond. Fig. 7 shows the spin
density maps through the O—C bonding obtained from,
molecular and periodic calculations, refinement on MSFs only

Molecular model: minimal basis sets Periodic array: large basis sets
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Figure 8

Spin density maps in the perpendicular plane to the urea molecule along
the X-axis direction. U is a vector collinear to the C—N bond. Upper
panel: computed spin-resolved electron densities for molecular (a) and
periodic calculations (b). Second panel: resulting spin density from Dzéta
(c) and Dzéta + Pop (d) refinement with respect to the MSFs only. Lower
panel: the same as the second panel but obtained by means of the joint
refinement strategy (MSFs + MCPs). Contours at intervals of
£0.01 x 2" g A7 (n = 0-12): positive and negative contours are,
respectively, blue solid lines and red dashed lines, and neutral contours
are green dashed lines.

and joint refinement. The periodic spin electron distribution
around this bond is clearly different from the molecular one.
As previously shown (see Fig. 6), the spin density around the
two atoms is strongly affected by the nearest molecules.

The spin electron distribution in the vicinity of the oxygen
atom becomes completely negative. For the carbon atom, we
found that the positive contours are broadened and spread
along both directions of the X axis. Our results show that the
corresponding spin density is improved by the MSFs only, but
it remains in disagreement with the periodic results. By

Molecular model: minimal basis sets

Periodic array: large basis sets

RN

(a)

Dzeta refinement: MSFs

Figure 9

1-SRDM I'(r, ¥') of the urea molecule is plotted along the O—C—N—
H direction (in the plane of the molecule). The upper panel shows the
molecular (a) and periodic (b) computation of the 1-SRDM. The second
panel shows the 1-SRDM after a Dzéta (c¢) and Dzéta + Pop (d)
refinement relative to the MSFs only. The lower panel is the same as the
second panel, but by means of the joint refinement (MSFs + MCPs).
Contours at intervals of £0.01 x 2"z A= (n = 0-20): positive and
negative contours are, respectively, blue solid lines and red dashed lines,
and neutral contours are green dashed lines.
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combining the MCPs with the MSFs, the resulting spin
densities are in good agreement with periodic calculations: the
refined spin densities on the oxygen atom are negative and
consistent with the periodic ones. However, to compare the
resulting spin densities around the carbon and nitrogen atoms
from molecular calculation or model refinements with the
corresponding spin densities obtained from periodic calcula-
tions, the additional contributions of nearest neighbours are
included as follows:

Molecular model: minimal basis sets

Periodic array: large basis sets

Figure 10

1-SRDM I'(r, ¥) of the urea molecule is plotted along the O—C—N—
H direction (above the plane of the molecule by 0.5 A). The upper panel
shows the molecular (@) and periodic (b) computation of the 1-SRDM.
The second panel shows the 1-SRDM after a Dzéta (c¢) and Dzéta + Pop
(d) refinement relative to the MSFs only. The lower panel is the same as
the second panel, but by means of the joint refinement (MSFs + MCPs).
Contours at intervals of £0.01 x 2"z A~ (n = 0-20): positive and
negative contours are, respectively, blue solid lines and red dashed lines,
and neutral contours are green dashed lines.

p(r) = p(r — R) + p(r) + p(r + R), (28)

where R=Ruy,R = 3 A, the intermolecular distance
between the urea molecules in the periodic array along the X
axis. Fig. 8 shows the computed spin densities (upper panel)
along the C—N bonds obtained from equation (28) for
comparison with the resulting spin densities from refinement
on MSFs only (middle panel) and from joint refinement (lower
panel). The molecular spin density around the C—N bonds is
changed by means of the MSFs, but still different from the
periodic one. However, by combining the MCPs and the MSFs,
the resulting spin density compares very well with the periodic
spin density. We deduce therefore that the MCPs have a strong
effect on the refinement of the spin density (as can clearly be
seen on the diagonal regions of the 1-SRDM in Fig. 9).

Fig. 9 shows the 1-SRDM maps following the O—C—N—H
path obtained from molecular and periodic calculations, Dzéta
and Dzéta + Pop refinement on MSFs only and from joint
refinement. The differences between the molecular and the
periodic calculations are also clearly seen on the off-diagonal
regions of the 1-SRDM. The 1-SRDM is strongly affected by
the neighbouring molecules. It is surprising that the refine-
ment on MSFs only made a slight change to the off-diagonal
regions of the molecular 1-SRDM [precisely in the vicinity of
the T'(r = 1.6, = 3.9) point].

However, as expected, the off-diagonal regions of the
1-SRDM are strongly affected by the MCPs (see lower panel
of Fig. 9). The changes made by MCPs appear in the regions
that describe the interactions between oxygen and carbon,
oxygen and nitrogen, and carbon and nitrogen atoms. The
1-SRDM obtained from the proposed joint refinement
strategy provides a very satisfactory qualitative agreement
with the periodic calculation. The potential benefits brought
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Computed MCPs for the directions [1 0 0], [1 1 0] and [0 1 0] as a function
of the momentum g. For each direction, the resulting MCPs from periodic
calculation (CRYS14, red solid lines) are compared with the resulting
MCPs from molecular calculation (G09, black solid lines), Dzéta
refinement (Dzéta Ref, green solid lines) and Dzéta + Pop refinement
(Dzéta + Pop Ref, blue dashed lines).
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by the joint refinement compared with the MSF refinement are
clearly illustrated in Fig. 10.

Fig. 10 shows a comparison of the computed (upper panel)
1-SRDM with the result from refinement on MSFs only
(middle panel) and MSFs + MCPs (lower panel) for the same
path of Fig. 9 at 0.5 A from the molecular plane along the
X-axis direction. The calculation shows that the periodic
1-SRDM is strongly affected by the nearest neighbours. It can
be seen that the refinement on MSFs only and periodic
calculations yield very different results. However, by
combining MCPs with MSFs, the resulting 1-SRDM is in good
agreement with the periodic calculation. This emphasizes the
essential role of the MCPs in the reconstruction of the spin-
resolved density matrices.

We deduce that the joint refinement has a stronger effect on
the m-electron distributions than on the o ones. This is due to
the fact that in our model we only adjust the occupation
numbers of selected states close to the Fermi level, i.e. delo-
calized states. To obtain more accurate results for the
o-electron distribution, we should modify the occupation
numbers for very localized states (much lower eigenvalues),
which is not considered in this model.

Fig. 11 shows a comparison of the resulting MCPs from
molecular calculation, Dzéta refinement and Dzéta + Pop
refinement with the resulting MCPs from periodic calculation.
As can be clearly seen, the molecular and the periodic
calculations (see upper panel of Fig. 11) are very different for
all directions. This is due to the fact that the urea molecules
are in interaction in the crystal phase, while they are isolated
in the molecular gas phase. Our results show that the variation
of the basis functions improves the MCPs, but they remain
inconsistent with the periodic ones. However, the variation of
the spin population matrix together with the variation of the
basis functions finally give very satisfactory results. The
converged MCPs from periodic calculation and joint refine-
ment are shown to be consistent.

6. Conclusions

The paper describes our joint refinement model of the
1-SRDM for a molecular array using simultaneously different
pseudo-data sets (MSFs and MCPs). This model is imple-
mented as post-processing of the GAUSSIAN packages. To
validate our model, we have performed two sets of calcula-
tions for a periodic array of urea with and without interaction
between molecules using the CRYSTALI4 packages. These
served as two sets of pseudo-data for the refinement. For both
molecular and periodic calculations, we have used local atomic
orbitals as a basis set. To obtain the 1-SRDM with good
accuracy, we have modified (i) the basis functions by varying
the atomic radial extensions and (ii) the spin population
matrix by varying the occupation numbers for a selection of
eigenstates, with respect to MSFs only and to both MSFs and
MCPs. As expected, our results show that the MSFs improve
the diagonal regions of the 1-SRDM, but do not make it
possible to describe very fine details of the spin distributions
for all regions. We have shown that the joint refinement model

gives more accurate results than the refinement on MSFs only.
The joint refinement model gives very satisfactory results
compared with those obtained from periodic calculations of
the periodic array of urea. We found that the MCPs play a
central role in the refinement of the 1-SRDM, because they
have a strong effect not only on the off-diagonal elements but
also on its diagonal elements.
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